In a continuous time model, a representative household has to allocate its investment and consumption in an optimal manner under conditions of uncertainty. In the present study it is hypothesized that there are two types of assets: a risk-free and a risky asset. The risk-free asset is assumed to be the physical capital, while at the same time uncertainty is allowed to result from the exogenous random variations in the public debt market, rendering in this way government bonds to act as the risky-asset. In the endogenous growth framework with productive public investment, the expected longrun growth rate, the dynamic path of consumption as well as the optimal allocation of investment between a risky and a riskless asset, are analytically derived. This kind of treatment allows us to create a locus for the long-run growth over the various levels of uncertainty. The outcome of the analysis is that a rise in uncertainty impacts negatively upon the long-run growth rate. In order to empirically assess the relationship between growth and uncertainty, we lay our emphasis on the US economy for the period 1957:1 to 2008:4. Within the framework of a bivariate BEKK-GARCH(1,1)-M model a significant negative relationship between uncertainty and economic growth has been established.
Introduction
The importance of public debt management lies in the fact that the government's debt portfolio is indisputably the largest financial portfolio in the country. As a result, the decisions made by the public debt manager (PDM) affect welfare and economic growth; therefore, her actions ought to be guided by a clear macroeconomic orientation rather than by an opportunistic desire for short-run gains. In OECD countries, the majority of the public debt management offices affirm, either formally or informally, that their main goal is to minimize the cost of servicing the debt. For example, in the Report of the Debt Management Review (1995) by the HM Treasury and the Bank of England it is noticeably stated that: "The objective of debt management policy is to minimize over the long term the cost of meeting the government's financial needs, taking account of the risk, whilst ensuring that debt management policy is consistent with monetary policy".
The cost minimization objective, taking into account the risk of the corresponding debt structure, is critical primarily for the highly-indebted countries so they are able to sustain their debt. On the contrary, in developed countries with low public debt, such a cost minimization strategy could well be used to save funds, which in turn may serve productive and non-productive public spending, highlighting in this way the beneficial role of a successful debt managing strategy in growth and welfare. Missale (1999, pp 131) argues that "a strategy aimed at reducing interest costs is justified only when risk premia result from: market imperfections; informational asymmetries; expectations failures; and the governments' inability to credibly commit to future policy actions".
1 Relevant literature suggests that public debt issuing policies and strategies that may smooth or even eliminate the aforementioned matters are considered as optimal. A rise in the risk premia may result from various factors such as default risk, macroeconomic uncertainty, fiscal imbalance, lack of liquidity, volatility in the secondary market, political instability, matters related to monetary instability or even the transparency of the issuance pricing and auctioning of government securities. The IMF and the World Bank guidelines for the Public Debt Management (2003, pp 27) state that:
"most countries have taken steps to increase the transparency of the auction process in the domestic market to reduce the amount of uncertainty in the primary market and achieve lower borrowing costs". Additionally, the same Public Debt Management (2003, pp 15) guidelines state that "it is important to note that all of the countries surveyed referred to the advantages of working collaboratively with market participants to develop their domestic government securities markets and minimize the amount of uncertainty in the market regarding government financing activities".
According to the above, one may argue that the reduction of uncertainty in the primary public debt market may reduce the risk premia and therefore minimize the cost of public debt. The insight received from the case studies reported within the Guidelines for Public Debt Management (2003) , is that PDM takes legislative measures and implements strategies in order to achieve the coveted cost minimization. The chronological orientation of these strategies is mostly of a short to a medium term.
Hence our intention is to examine the long-run effects of these short/medium oriented strategies in the economy. More specifically the focus lies in the appraisal of how changes in the level of uncertainty, stemming from the bond market, may shift the balanced growth path in a stochastic endogenous growth framework where endogenous growth rises from public investment. In order to act in such a manner, a micro-funded household behaviour is implemented, as in Merton (1971) , where the choices about optimal consumption and investment are made under uncertainty, incorporating at the same time a hypothesis according to which the risky asset is the public debt and not the private capital. Finally, a solution is provided for the continuous time case.
The intuition is as follows: a rise in the uncertainty level requires an appropriate compensation to investors which is revealed by a subsequent increase in the risk premium of bonds. This in turn stimulates the debt dynamics via the increased cost of servicing the debt, and as a result the government which finances its productive public spending through its dynamic budget constraint, needs to reduce investment. At the same time, investors tend to adjust their optimal allocation of investment according to the changes of the aggregate risk and the expected return. These two reactions force down the ratio of productive public spending to private capital which is the key determinant of growth in the endogenous growth model under consideration. A more rigorous analysis of the mechanism at work will be pursued under the light of the proposed macro-model.
The remainder of this article is organized as follows: section 2 presents the proposed theoretical model. Section 3 proceeds with the analysis of the expected long-run growth under uncertainty. Section 4 illustrates the data and the econometric methodology.
Section 5 provides a discussion on the empirical findings and finally, section 6 concludes.
The Model
The representative household's optimal choices for the consumption and the allocation of investment between a risky and a risk-less asset (highlighted especially in Merton, 1971 ) caught the attention of the literature. The main source of uncertainty, modelled explicitly in most RBC and SDGE models, results in the exogenous stochastic variations of the dynamic innovation of technology. A technology shock alters the marginal product of labour, the marginal product of capital and output. This in turn alters interest rates, wages, taxes, capital formation or even the deficit and the public debt, depending on each model's idiosyncratic characteristics. The rational expectations mechanism allows agents to react optimally to these stochastic changes and to adjust their dynamic paths of consumption, labour or leisure and investment plans accordingly, thus leading the economy back to its steady state position. The usual investment choice in the aforementioned models is between a risky asset, that is private capital and a riskless asset, usually being the public debt. Since the present paper's main objective is to examine how the different levels of uncertainty in the bond market affect the long-run economic growth, the assumption made is that the economy's unique source of uncertainty stems from the bond market.
To provide a mathematical foundation, a typical decentralized competitive three sector model is developed. By letting the economy's single household to maximize its expected utility by choosing in an optimal manner its consumption and investment under the stochastic dynamic budget constraint, there is no substantial departure from Merton (1971) . Formally, household's maximization problem can be shaped as follows:
where, household wealth (W ) consists of private capital ( K ) and government bonds The corresponding maximum principle of this problem results in the following
Hamiltonian-Jacobi-Bellman equation:
where, ( ) V W is a value function. The optimality conditions are:
The endogenous growth framework arises from the aggregate production technology specification, which is is also assumed that  is the tax rate (as government taxes output). Finally, the dynamic budget constraint of the government is
The analytical solution of consumption, investment and the long-run growth rate is provided through the identification of the ( ) V W function. By substituting into (3) the optimality conditions (4) and (5), the following is obtained:
A thorough examination of (4), (5) and (6), reveals the solution for the nonlinear differential equation (6) that has the following general form:
, where  is a coefficient to be determined. To this point it should be mentioned that the wage can be expressed as:
By calculating ( ) V W  and ( ) V W  and replacing them back to equation (6), the relationship (8) is obtained after the use of some algebra and the method of determined coefficients:
where,  is:
Finally, the analytical solutions for the optimal allocation of investment and consumption are obtained. The functional forms of these solutions are presented by the two subsequent relationships:
The Expected Long-Run Growth
The balanced growth path along with the expected long-run growth corresponds to:
Utilizing (2), (7), (8), (9), (10) and since
, the long-run growth rate expression is identified as:
where, g is the ratio of public to private capital. Equation (11) in conjunction with all the afore-mentioned equations, provide the following equilibrium condition:
The expression of the growth rate is comprised by two basic factors: the endogenous ratio of public to private capital, which is fixed along the balanced growth path, and the exogenous level of uncertainty, 2  . Equation (13) provides an equilibrium rule along the balanced growth path that determines the level of (expected) g , for different levels of uncertainty, 2  . Therefore, the impact of a change in the level of uncertainty on the growth rate is revealed directly through 2  in equation (12) and indirectly to the ratio of public to private capital in equation (13) . Provided that equation (13) is an implicit function, we turn to numerics in order to ascertain the behaviour of the long-run growth rate in relation to uncertainty. Therefore, in order to investigate the relationship between economic growth and uncertainty, based on equations (12) and (13), a necessary condition is to supply reasonable qualitative and numerical properties, firstly for the risk premium function, 2 ( ) f  , and secondly for the allocation of optimal investment h . At this point, it should be mentioned that the optimal allocation of investment for the representative household ( h ) as well as the expected rate of return ( R ), have both already been replaced in equations (12) and (13) by their equivalents.
It has been already assumed that   , needs to be made according to the properties of the h ratio, which is naturally bounded in the space of (0,1) . Additionally,  and  should return a comparable risk premium value to the real interest rate.
The optimal allocation of investment can be written as below. Figure 2 shows for the optimal allocation of investment that the compensation for the undertaken risk, increases by more than the risk. This process results in an increase of the share of public debt in household portfolio, provided that investors are compensated sufficiently for the undertaken risk, while default is not an option in this model. Empirical reasoning for the behaviour of h comes from the observation that the public debt as percentage of GDP is rising for most advanced economies (IMF, 2010).
Considering firstly, that advanced economies fluctuate around their balanced growth path in the presence of fiscal uncertainty and secondly, that the public debt as percentage of GDP increases, then the hypothesis of increase of the share of public debt h , is judged to be within reason. It should be stressed that the government here has a passive role and simply covers the demand of public debt, meeting in this way its dynamic budget constraint, rather than implementing a specific fiscal policy.
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To proceed with the numerics, we utilize the commonly used values of 0.3
and 0.25 a  , which for a given level of uncertainty ( 2 0.1
to the values of 20%, 3.51% and 2.47% for the g , r and  , respectively. By letting
, we calculate a negative relation with the public to private capital ratio g , as seen in Figure 3 and together they reveal a negative relation with the expected longrun growth rate. Within the framework of the above equilibrium analysis, it is observed that a rise in uncertainty increases the risk premium associated to the government's debt, which in turn reallocates optimal household investment. Consequently, while the level of private capital increases and the funding of public capital (pubic investment) decreases, the overall effect on g , which is the main growth determinant, is negative (see Figure 3) , leading therefore the excepted long-run growth rate to decrease. Figure 3 Public to Private Capital ratio over Uncertainty
Figure 4
Expected Long-Run Growth Rate over Uncertainty
In cases where the economy is in equilibrium, agents allocate optimally their wealth and consumption over time. Given that the economy is in equilibrium, we impose an exogenous increase in the level of uncertainty, 2  . The optimal behaviour of the rational agents leads to appropriate adjustment of investment and consumption, according to the derived first order conditions. An increase in the level of uncertainty has an immediate positive effect on the level of the risk premium. This in turn affects the household's first order conditions that correspond to its optimal investment decision ( h ). Should the derivative of equation In the second section, it has been assumed that total wealth is W K B   , while
In the short-run, the exogenous increase of uncertainty changes the equilibrium and moves the balanced growth path. The economy at this point is out of equilibrium and needs to go through a process of adjustment to progress on the transitional dynamic path that will bring the economy back to the balanced growth path.
In the short-run, the optimality conditions derived from welfare maximization of the household and the composition of total wealth will lead to an increase in the stock of public debt and to a decrease in the stock of physical capital.
Concerning production, two short-run effects are realized: firstly, on the stock of physical capital and secondly, on the ratio of public to physical capital. It has been already indicated that the physical capital has been decreased in the short-run, due to the exogenously induced change in the level of uncertainty, leading therefore to a lower balanced growth path. This output decline, reduces the government's revenue from taxation, given the validity of
At the same time, the rise of the risk premium along with the rise of the equilibrium share of debt affect positively the debt dynamics, which in turn increase the cost of servicing the debt. These two effects reduce the amount of funds to be invested in productive public capital.
Finally, the ratio of the productive public capital to the physical capital, g , receives a lower steady state value, along the new balanced growth path, where
grow at the same rate. Thus, the overall effect on the ratio of public to private capital is negative, reducing as a result the expected longrun growth rate. This result is not surprising as it is known that for the endogenous growth models with productive public spending and public debt, higher debt results in lower output growth (see Greiner, 2008) .
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Taking into account the hypotheses made to build up this model, what has been made formal is the mechanism that allows uncertainty in the bond market to affect the long-run economic growth. Of course, the hypothesis according to which the risk stems solely from the bond market and not by production is considered as a quite strong assumption. Future work may relax this strong assumption by allowing the existence of two different types of uncertainty and permitting at the same time both assets to bear risk.
Data and Econometric Methodology
As it is shown in figure 4 , the level of uncertainty stemming from the bond market To assess uncertainty's impact upon economic growth, we exploit a bivariate GARCH-M model. Specifically, among the various GARCH-M type models we use the standard BEKK model for the specification of the conditional variance and covariance equations as initially suggested by Engle and Kroner (1995 (14) and (15) 
Alternatively, equations (16)- (18) can be written in a more compact form using matrix notation as follows:
where, t H is the positive definite 2×2 conditional variance-covariance matrix of the errors, C is 2×2 upper triangular matrix of coefficients and finally, B and A are also 2×2 unrestricted matrices of coefficients. Actually, the diagonal elements of the B (A) matrix depict the volatility (error) persistence in the conditional variances of output growth and real bond yield, while the off-diagonal elements of the B (A) matrix depict how the one period lagged volatility (squared error) of the real bond yield influences the conditional variance of output growth and vice versa.
Empirical Results
Empirical analysis begins with the detection of unit roots since prior to the estimation of the bivariate BEKK-GARCH-M model, we need to ensure that both variables used to specify the conditional mean equations are stationary. For this purpose, the standard ADF test along with the KPSS test are implemented, with and without the inclusion of a time trend. Based on the results presented in Table 1 , it is inferred that the real output and the nominal 10-year government bond yield are clearly non-stationary variables.
However, when the ADF test was applied to the growth of output and to the real 10-year government bond yield, we rejected the null hypothesis of non-stationarity for both variables, while the KPSS test does not allow us to reject the null hypothesis of stationarity for both variables. Fuller, 1979 and 1981) and the maximum lag length was set to nine. ** The Bartlett Kernel spectral estimation method was selected for Kwiatkowski et al. (1992) test. The 1%, 5% and 10% critical values for the ADF test without trend (with trend) are: -3.46 (-4.00), -2.87 (-3.43) and -2.57 (-3.13), respectively. The 1%, 5% and 10% critical values for the KPSS test without trend (with trend) are: 0.73 (0.21), 0.46 (0.14) and 0.34 (0.11), respectively.
Another issue related to the specification of the bivariate BEKK-GARCH model is the presence of a possible long-run relationship. In cases where equilibrium is confirmed, the inclusion of the disequilibrium term in the conditional mean equation is crucial since otherwise inferences based on the estimated system of equations will be of an ambiguous quality. Given that the level series for real output is an I(1) variable, while the real 10-year government bond yield series is an I(0) variable, we examine the existence of a possible long-run relationship by employing the Pesaran et al. (2001) ARDL or bounds testing approach to cointegration. Table 2 presents the bounds testing results, from which it is inferred that there is no evidence for the existence of a long-run equilibrium.
In particular, the value of the ARDL F-statistics for alternative lag lengths, ranging from 2 to 5, is always below the lower critical threshold, something which implies failure to reject the null hypothesis of no cointegration. Finally, a correctly specified GARCH model demands for the involved variables, to be serially independent and at the same time the existence of autoregressive conditional heteroskedasticity (ARCH) effects should be verified. Therefore, the Ljung-Box Qstatistic and the Langrage Multiplier (LM) test statistic were implemented. The testing results are illustrated in Table 3 . Based on the reported p-values, the Q-statistic confirms the absence of serial correlation in the residuals, while the LM test verifies the presence of ARCH effects. 7.881 (0.000) Notes: Q(4), Q(6) and Q(8) are the Ljung-Box statistics (Ljung and Box, 1979 ) for testing the fourth, sixth and eighth order of serial correlation, respectively, for the residuals recovered from an AR(12) specification for Δy and from an AR(5) specification for r. The LM(4) refers to the Langrage Multiplier test statistic for testing the presence of ARCH effects in the series using four lags.
Assuming conditional normality, we estimated the bivariate BEKK-GARCH-M (1,1) model, by maximizing the following Log-likelihood function:
The maximization algorithm used is the Berndt, Hall, Hall and Houseman. The results of the estimated model are presented in Table 4 . 7 The first two upper parts of the table
show the coefficient estimates along with their associated p-values for the system of equations 14 to 18, while the lower part illustrates the standardized residuals diagnostics.
Our foremost interest concentrates on the sign and the significance of the y  coefficient in the conditional mean equation for the growth rate of output. Judging from the results presented in Table 4 , our finding confirms the existence of a negative and significant relationship between uncertainty and economic growth even at the 1% significance level. 8 The remaining three conditional variances incorporated to the mean equations of output growth and real long-term bond yield remain insignificant at the 5% significance level. To preserve space we do not proceed with the interpretation of the persistence coefficients (diagonal elements) as well as of the information transmission coefficients (off-diagonal elements), since something like this is straightforward and out of interest for our study.
Finally, to assess whether the estimated model is correctly specified, we need to ensure that the standardized residuals are iid standard normal variables. For that reason we tested the mean and the variance of the standardized residuals setting as null hypotheses that μ=0 and σ 2 =1, respectively. Clearly, in both cases we fail to reject the null hypotheses, as seen in Table 4 . Additionally, we employed the Ljung-Box Q-statistic in order to examine the presence of autocorrelation in the standardized residuals. From the results given in Table 4 , we fail to reject the null hypothesis of no serial correlation.
Consequently, the estimated specification seems to be well specified, providing therefore consistent estimates.
7 The lag-length of the estimated model was based on the Schwartz information criterion. 8 To this point it is important to mention that the coefficient under consideration consistently proved to remain negative and highly significant in all other alternative specifications employed before the adoption of the final one. 
Conditional variance-covariance equations (16), (17) and (18)  represent the standardized residuals for the growth of output and the real government 10-year bond yield, respectively; The null hypothesis for the mean column in the standardized residuals diagnostics panel is that: μ=0, while the null hypothesis for the variance column is that: σ 2 =1.
Concluding remarks
In this article we tried to investigate uncertainty's potential impact on the long-run economic growth. Accordingly, we developed a continuous time stochastic endogenous growth model under the light of Merton (1971) , allowing the household's choices with respect to the optimal allocation of consumption and investment to be made under the presence of uncertainty. Within the pre-mentioned endogenous growth framework with productive public investment, the expected long-run growth rate, the dynamic path of consumption as well as the optimal allocation of investment between a risky and a riskless asset, are analytically derived through the relevant Hamiltonian-Jacobi-Bellman equation. It has been found that an increase in uncertainty raises the risk premium of pubic bonds and diminishes the public to private capital ratio which in turn leads to a reduction of the long-run growth rate. At last, we tried to provide empirical support for the revealed negative relationship between uncertainty and economic growth, by means of a bivariate BEKK-GARCH (1,1)-M model. Our empirical finding, based on US data, revealed a negative and significant relationship between economic growth and bond market uncertainty. The negative relationship established in the empirical part of this article, cannot be attributed exclusively to the economic mechanism revealed by our theoretical model, provided that this negative relationship may be due to other economic mechanisms.
